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THIS PAPER was motivated by the question: 
Does the image of a smooth immersion of S2 in R3 separate R3 into at least two components? 
An affirmative answer is given by: 
THEOREM. Let fi M"- ’ + N” be a proper C2-immersion. Suppose H,(N: Z/22)=0. Then 
N\f (M) is not connected. 
This subject was started by M. Vaccaro [S]. He shows that the corresponding theorem is 
false in the PL-category by constructing the “house-with-two-rooms” in R3 and showing 
that it is the image of a PL-immersion of S2. (Consider the boundary of a regular 
neighborhood retracting back to the “house”.) See Rourke and Sanderson [4, p. 23 for a 
picture. He also proves that iff: M “‘+N” is a smooth immersion of a closed manifold M 
whose image is a subcomplex of a smooth triangulation of N, then H,(f(M); iZ/22) is not 
zero. This implies the conclusion of our theorem above in that case. Michael Hirsch, whom I 
thank along with the referee for pointing out Vaccaro’s paper to me, goes on to show how 
the techniques developed herein can be used to obtain related results for immersions of 
arbitrary codimension. 
Apparently Vaccaro’s problem has some status as a recurrent lunchtime topic, having 
been raised by Morris Hirsch in the 1960s by Bob Edwards, by Wolfgang Ziller, . . . . I’d 
like to thank Bob Edwards for introducing me to the question and for freely sharing his 
thoughts on it. 
$1. PRELIMINARIES 
This section is devoted to recording some basic facts about immersions. All maps, unless 
noted, are C’. 
A map J M+ N is proper if: 
(a) inverse images of compact sets are compact, 
(b) f-‘(c?N)=?M, and 
(c) f is transverse to dN. 
Let f: M + N be a proper immersion. Let y E N and supposeS - ‘(y) = {x, , x2, . . , x,). Then 
there is a neighborhood V of y and neighborhoods Vi of xi, 1 2 i IS, such that: 
(a) r/inUi==Izr, 1 -<i, jls, i#j, 
(b) flUi is an embedding, 1 <ins, and 
(c) f-1(V)=tJ15irsUi. 
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We will call { V, U,, Uz, . . . , Us} as above a standard set of neighborhoods associated to y. 
For x E M, we say that x is in the good set ofA denoted G(f), if there is a standard set of 
neighborhoods associated to f(x) satisfying the additional condition: 
(d) f(Ui)=f(Uj), 1 <i,j.<s. 
It is easily shown that the good set of a proper immersion f: M -+ N is open and dense in M. 
If f: M"+N" and g: Q’-+N are maps, then the pullback off and g, denoted P(f, g), is 
defined by P(f; g)= {(x, g)EM x Qlf(x)=g(q)}. Maps.? PM g)-Q given byf((x, q))=q and 
cj: P(f; g)+ M given by g((x, q)) = x are induced. Suppose aM = @ = aN and that both g and 
glap are transverse to f: Then P(f, g) is a proper submanifold of M x Q of dimension 
m+l-n, with aP(f, g)=P(f, glaa). Further, if f is a proper immersion then so is 3 
Let g: M+N be a Cl-map. Denote by crit(g) the set of critical points of g. Recall that a 
real-valued function is Morse if it has no degenerate critical points. 
PROPOSITION. Let j! P+Q be a proper immersion. Suppose P is compact. Let H c P be 
open and dense. Then there is a function p: Q+R such that: 
(a) p of is Morse and 
(b) crit (p of) c H. 
Proof: Let rW”, = {u E [WKlcK 2 0} and let i: Q- iw: be a proper embedding. Consider the 
map L,: R K+ [w given by L,(u) = I/u - wII '. According to Milnor [3, Part I, 963, L, 0 i of is 
Morse unless w E E(crit(E)) where E: v(P)+lRK is the endpoint map and v(P) is the normal 
bundle of the immersion i 01: Note that E is C’. Since crit(E) is closed and E is proper (P is 
compact), we have using the Morse-Sard theorem that E(crit(E)) is closed and nowhere 
dense. Now p E P is a critical point of L, 0 i of iff w E E(v,), where vp is the fiber at p. So we 
want w E E(crit(E))‘nE(u peHv,)c. But U,,+~V~ is closed and nowhere dense and therefore, so 
is E(UpQHvp). (A proper Cl-map between manifolds of the same dimension takes closed and 
nowhere dense sets to closed and nowhere dense sets.) Thus, we can choose w in an open and 
dense subset of aBK so that p = L, o i satisfies (a) and (b). q 
If P is a compact l-manifold, if fi P+ R is Morse, and if each p E dP is a noncritical local 
maximum, then the euler characteristic of P may be computed by x(P) = ~PEEli,(fJi(p), where 
i(p) = 1 if p is a local minimum and i(p)= - 1 if p is a local maximum. The number i(p) is 
called the index of the critical point p. 
$2. PROOF OF THE THEOREM 
THEOREM. Let$ M”-l+N” be a proper immersion with H,(N; Z/22)=0. Then N\f(M) 
is not connected. 
Proof Case (1): Assume aN = 0. In order to obtain a contradiction assume N\ f (M) is 
connected. Let y E N such that If - l(y)1 = 2” . r with r odd and with a minimal. Let g’: I-, N be 
an embedding transverse to f such that g’(Z)n f (M) = {y}. Since N\ f (M) is connected, g’ 
may be extended to an embedding ”: S ‘-+Nsuchthatg”(S’)~f(M)=(y).AsH,(N;Z/22) 
=O, g” is the restriction to the boundary of a map g of a compact surface Q into N. We may 
assume that g is transverse to J The 1 -manifold P = P( f, g) is properly immersed via fin Q. 
‘By construction, ~(P)=i.laPI=f.2".r. 
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Next we construct a Morse function on P. Find a proper embedding i: Q-R:. By our 
proposition, there is an open and dense subset of choices for WE Iw: such that: 
(a) L, 0 i 07 is Morse and 
(b) crit (L, 0 i 07)~ G(f). 
Further, there is a nonempty open subset of choices for w so that 
(c) ‘L, 0 i of has a noncritical local maximum at each p E dP. 
(Indeed, if p E 8P and if u E T,, P points into P, then for w in the open half-space determined 
by (w-iof( iof,(v the map L, o iof has a noncritical maximum at p. 
Since Ji3PI is finite and P is properly immersed in W:, these half-spaces have a nonempty 
intersection.) Let w be chosen so that (a), (b), and (c) hold. Since each critical point p of 
L,,,o iof is in G(f), all points ofT_‘(J(p)) h ave the same index. For all qEQ, we have 
the equation IT-‘(q)j=lf-‘(g(q))/ d an so it follows from our assumptions that 2” divides 
If-‘(7(p))l. Thus 2” divides x(P)=ci(p). This is the contradiction. 
Case (2): The case where aN may be nonempty follows by applying case (1) to j 
M\aM+N\dN. cl 
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